Abstract: Pareto plus noise clutter distribution has been introduced recently as a good candidate model for X-band high resolution maritime clutter returns. In this study, the authors derive a non-integer order moments estimator (NIOME) and [zlog(z)] based estimator to find the parameters of this distribution in the case of non-coherent integration of N-pulses. For this, the authors first develop an asymptotic formula of moments with non-integer order which is expressed in terms of the gamma and the generalised hypergeometric functions. Then, the authors derive [zlog(z)] based approach as a function of the log based moments and the generalised hypergeometric function. By accommodating a non-integer moments and moments of orders one and two, the proposed estimators are given so that non-linear estimates of the shape parameter are achieved using numerical computations. Through synthetic and real data, the authors show numerous examples demonstrating the applicability of the estimation procedures as a function of clutter-plus-noise parameters. The obtained results illustrate that the proposed NIOME method is asymptotically efficient especially for multiple looks case and high sample size.
Introduction
In real world radar applications, detection performance is always related to the background environments models. In the literature of constant false alarm rate (CFAR) detection, the probability of target detection is shown to be sensitive to the degree of estimation accuracy of the clutter model parameters. Extensive experimental data suggests that radar clutter probability distributions often are not Rayleigh distributed. In recent years, various statistical distributions have been successfully introduced to fit the X-band high resolution sea-clutter data [1] [2] [3] [4] [5] [6] . In [1] Ward et al. showed that the amplitude or intensity of radar sea-clutter agrees with the concept of the K probability density function (PDF). It has also been proved that the compound model of the K-distribution can be extended successfully to include the additive thermal noise which is manifestly present in the radar receiver. Watts [2] derived a new technique for modelling and simulating the coherent returns from radar sea clutter. The method has been proposed for characterising the temporal variations of the Doppler spectrum observed in a single-range cell. Using the real observations of recorded Doppler spectra, it is shown that simulations based on the new model can reproduce the main statistical features. Weinberg [3] analysed the fitting performance of the Pareto distribution as a model for high-resolution high-grazing angle sea clutter. Using the X-band Ingara database, the Pareto parameters were estimated using the maximum likelihood estimator (MLE). Its performance was assessed against the fitted K and KK distributions. When there are high-radar backscatter regions and in the case of horizontal polarisation, Rosenberg et al. extended in [4] the KK PDF to include thermal noise and multiple looks. This modified model assumes that both the Bragg/whitecap scatterers and spikes are K distributed with noise and is applied to both simulated and real data (Ingara radar database) to produce greater accuracy in the mean and underlying shape. In presence of additive uncorrelated zero-mean Gaussian noise, the time series intensity data can be fitted to the Pareto distribution with added thermal noise. To further enhance the usefulness of this distribution, pulse to pulse integration (multi-looking) and thermal noise need to be included in the distribution. This allows both the separation of the underlying clutter from the inherent noise in the radar and the effect of non-coherent averaging to be included. The formulation of this model is described in [5] where the Ingara database is also used to illustrate the model fitting by means of effective shape parameter approach. In [6] Mezache et al. proposed a statistical model for high resolution sea-clutter data. Specifically, the speckle and the texture components have been modelled by a mixture of the Rayleigh and the inverse Gaussian distributions, respectively. They showed that the IPIX real lake-clutter data is better fitted in most cases by the compound inverse Gaussian distribution than by the Weibull, log-normal, K, Rician inverse Gaussian, K plus noise and Pareto plus noise distributions. Here, the parametric curve fitting estimation method (PCFE) is applied to optimise the parameters of the corresponding models with additive thermal noise. Recently, Alexopoulos and Weinberg proposed in [7, 8] a novel approach to data analysis using fractional-order calculus. The approach can be applied to any distribution and shows remarkable improvement even if the parameters of a particular distribution have been optimised to achieve the best fit to data. Moreover, this method deals with Pareto densities used in X-band maritime surveillance radar where their fractional derivations incorporate gamma functions. The authors suggested the fact that there is no need to include a noise component in the standard PDF. Here, the noise component can be modelled by the fractional order of their fractional order Pareto density.
Parameter estimation forms an essential part of many signal and image processing tasks. In particular, for radar detection, parameter estimation of the observed echo data is required to acquire the optimum threshold detection that maintains the CFAR property under various levels of knowledge of clutter and target parameters. For a noiseless sea-clutter situation, Lombardo et al. [9] showed that estimating the mean value of the logarithm of the data, and fitting it to the appropriate theoretical K-distributed clutter, yields estimates of the K-clutter parameters which are IET Radar, Sonar & Navigation Research Article extremely close to the maximum likelihood (ML) solution. The problem of estimating the parameters of the K model, in absence of thermal noise has been discussed in [10] . On the other hand, the impact of the MLE procedure on the parameter estimation has been successfully analysed to find the parameters of the generalised Pareto model and then tested to modelling the real lake-clutter data [11] . Recently, a linear regression analysis, based on a logarithmic transformation of the order statistic of Pareto distributed random variables, has been proposed in [12] . Although, this approach exhibits accurate estimates, it involves computationally an extra numerical stage into the estimation procedure due to the use of polynomial curve fitting technique to perform the linear regression. Bocquet presented in [13] a non-linear transformation method to simulate Pareto distributed sea clutter with a specified correlation function for the clutter power. Here, the Pareto distribution is formed from a compound model with an exponential distribution for the speckle intensity and an inverse gamma distribution for the clutter power. The MLE algorithm (for single look case) and the [zlog(z)] estimator (for multilooks case) based on the expectation values of log(z) and zlog(z) are considered to find the estimates of the generalised Pareto distribution. Usually, the clutter echoes are likely to contain added thermal noise at the radar receiver and the parameters could be achieved preferably in practice, by using approaches which are computationally inexpensive and lead to accurate parameter estimates. The presence of the thermal noise is also known to yield complex mathematics in the parameter estimation of the compound Gaussian model. For the case of the K distribution, a good analysis of the effect of additive noise on some estimation methods is well presented and discussed in [14] . This estimation problem has been discussed and some interesting estimation procedures with different degrees of accuracy are proposed in the literature [15] [16] [17] [18] [19] . Rosenberg and Bocquet presented in [15] a multilook formulation of the Pareto clutter plus noise model. To reduce the parameter estimation complexity of this distribution, a new formula of the effective shape and the effective scale parameters are given where the tail fitting to real Ingara data are well analysed. To improve the estimation accuracy of the K clutter plus noise parameters, Mezache et al. [16] introduced a PCFE method. This method can be used as a benchmark to parameters estimation methods for compound Gaussian clutter with additive thermal noise. To obtain more accurate estimates, Mezache et al. [17] derived an innovative expression of moments in terms of the generalised hypergeometric function. Here, a non-linear shape parameter estimator is derived and its effectiveness is assessed via simulated K clutter plus noise data. Furthermore, by extending the [zlog(z)] method presented in [1] to the estimation of the K plus noise distribution parameters, Sahed et al. [18] derived closed form expression of the [zlog(z)] estimator in terms of the log, the arithmetic and the harmonic means of the data provided the integration of two or more pulses. Using simulated data, the authors showed that the proposed estimators are better than those related to the method of moments and the method of PCFE. Recently, Bocquet [19] developed the [zlog(z)] based estimation for both the K clutter plus noise and the Pareto clutter plus noise parameters. This estimator is given in terms of the generalised exponential integral function and the first two intensity moments. Via simulated and real Ingara data, the estimation accuracy of the proposed [zlog(z)] estimator is compared with the ones based on the first three intensity moments (i.e. higher order moments estimation, HOME) and the constrained ML algorithm.
In this paper, we examine the non-integer order moments estimator (NIOME) and [zlog(z)] based estimator to improve the parameter estimates of the Pareto clutter plus noise distribution in the case of single pulse and non-coherent integration of N-pulses. The non-integer moments and [zlog(z)] methods are described in [17, 18] for the K distributed clutter plus noise. These procedures are extended in this work to the Pareto distributed clutter plus noise. However, the [zlog(z)] estimator developed by Bocquet in [19] is performed in Mathematica software. In this paper, we resort to obtain a new version of the [zlog(z)] based estimator which can easily be handled by Matlab, Mathematica, Maple, etc. For this, we first develop an asymptotic formula of moments with non-integer order which is expressed in terms of the gamma and the generalised hypergeometric functions. Then, we derive a new [zlog (z)] based expression in terms of the log based moments and the generalised hypergeometric function. The paper compares two approaches against the traditional method of obtaining parameter estimates using integer moments (HOME). First, we show that if non-integer values are chosen, we can write the solutions in terms of hypergeometric functions. The introduction of hypergeometric functions improves the estimation of the parameters as can be seen from the results. This is because the hypergeometric functions derived are essentially comprised of Pochhammer symbols or rising factorials. These rising factorials can be written in terms of gamma functions. The gamma functions are valid for integer and non-integer values in their arguments. It is this ability of the gamma functions to change their asymptotic behaviour for non-integer values that improves the parameter estimates compared with integer solutions which do not have that ability namely (5). Thus, using a non-integer moments and moments of orders one and two, the proposed estimators are given so that non-linear estimates are required for the shape parameter. Using simulated and real data, we show various examples demonstrating the effectiveness of our estimation procedures as a function of clutter-plus-noise parameters. The obtained mean square error (MSE) curves illustrate that the proposed NIOME method is asymptotically efficient especially for multiple looks case and high sample size.
In Section 2, we present the Pareto plus thermal noise distribution and the existing HOME method in the case of multilook formulation. In Section 3, we use some mathematical stages to derive an asymptotic expression of moments for non-integer orders. Based on this moment's expression, we resort to the moments of order one and two to derive the NIOME method. The [zlog(z)] based approach is also derived in this section in terms of the generalised hypergeometric function. By means of computer simulations and real data, we show in Section 4 several examples demonstrating the efficiency of our estimation procedures for various clutterplus-noise situations. Finally, we state in Section 5 some attractive suggestions and remarks.
Pareto clutter plus noise distribution
Compound-Gaussian models are often used to characterise heavy-tailed clutter distributions in high-resolution radar as well as to model speech waveforms, fast fading channels, radar backscatter and various radio propagation channel disturbances. The key problem in compound-Gaussian clutter modelling is the choice of the texture distribution and estimating its parameters (see [11] and the references therein). Recent studies have shown that the Pareto distribution is extremely useful as it both captures the high magnitude components of the sea-clutter and allows significantly simpler optimal and sub-optimal detectors [5, 12] . This model is analytically simpler than the popular K-distribution, and consequently detection schemes have proven to be easier to implement. If the thermal noise in the radar receiver is taken into account and if we consider a non-coherent integration of N-pulses (multiple looks case) of sea clutter data (i.e. Z i = N j=1 X j , i = 1, 2, …, M ), the Pareto plus noise PDF and complementary cumulative distributed function (CCDF) or the P FA (false alarm probability) are given respectively by [5, 19] 
and
where α is the shape parameter, b is the scale parameter, p n = 2σ 2 is the noise power and T is the normalised threshold. Γ(.) and Γ(.,.) are the gamma and the incomplete gamma functions respectively. There is no analytic solution for the integral of (1) and numerical integration must be employed to evaluate the Pareto plus noise PDF. In [5] , an approximation has been derived similar to the K-distribution, where the thermal noise is accounted by using an 'effective' shape parameter. In this case the distribution of (1) is equivalent to the generalised Pareto distribution where the effective shape and scale parameters are given in terms of the real shape parameter and the clutter to-noise ratio (CNR = b/( p n (α − 1))). From (1), the moment of order, r is (see (3)) where 〈.〉 is the statistical expectation. Fig. 1 Comparison of the NIOME and the [zlog(z)] based estimators given by the right-hand side of (11) and (24) respectively with the simulated versions for M = 10,000, N = 1 and n = 100
We solve the second integral in (3) using the result
given in [20 as eq. (2.3.3.1)], the moment of order, r becomes
For r = 1, 2 and 3, the integral in (4) can be solved analytically to yield
Given M statistically independent clutter samples of the intensity variable Z, the sample moment of order r is obtained by
. The HOME method of the shape parameter, α is presented in [19] using the first three intensity moments given by (5) asâ
where q = m 2 − m The estimator of (6) is only valid if the clutter distribution has a finite third moment, which is the case for α > 3. The first two moments must also give q > 0 for a valid estimate. If p n is known a priori, a is simply obtained using the first two intensity moments aŝ
On the other hand, the constrained ML estimator of α is presented in [19] using the log likelihood of a parameter vector θ for a set of M observations {z i } where numerical optimisation must be used to find the maximum. In addition, the [zlog(z)] estimation method of α is also derived in [19] which is based on the evaluation of log moments, that is, 〈log(z)〉 and 〈zlog(z)〉. Here, the [zlog(z)] estimator is given in terms of the generalised exponential integral function, E α (x) which is available in Mathematica software. Equations (1) and (4) are to be used in the next section to derive the NIOME and the [zlog(z)] based estimators of the Pareto plus noise distribution parameters.
NIOME and [zlog(z)] estimators
In the following, several mathematical stages are used in this section to derive the NIOME and the [zlog(z)] estimators in the case of single and N-integrated pulses.
NIOME estimator
First, we define a new variable in (4) by setting, u = p n /y. Hence
Using the integral result given by [21 as eq. (13.2.5)] in (8), we get
where U(.,.,.) is the confluent hypergeometric function of the second Mean and standard deviation of the estimated parameters 
Substituting (10) into (9), a new asymptotic expression for the moments of non-integer order, r is finally given by
It is interesting to note that the asymptotic expression of (11) is a candidate for solving numerous estimation problems of the Pareto plus noise distribution parameters. Since (11) depends on three parameters, that is, α, b and p n , one needs at least two other equations. To this effect, we consider the two first integer moments to reduce (11) with one variable (i.e. α). From (5) and [5] , we can write
where Fig. 2 Comparison of MSE estimates of shape parameter versus α of a Pareto clutter plus noise distribution for the HOME, the proposed NIOME (r = 0.1) and [zlog(z)] estimation methods for CNR = 0 dB, M = 10,000, N = 10 and n = 100 a Unknown noise power, p n b Known noise power, p n To express (11) in terms of α and CNR, we resort to the following ratio
Substituting (12) into (14), the proposed NIOME estimator is finally given by (see (15)) whereÂ is defined asÂ
As long as 2 F 0 (.,.;;.) is present in (15), numerical routines are required Fig. 3 Comparison of MSE estimates of shape parameter versus α of a Pareto clutter plus noise distribution for the HOME, the proposed NIOME (r = 0.1) and [zlog(z)] estimation methods for CNR = 10 dB, M = 10,000, N = 10 and n = 100 a Unknown noise power, p n b Known noise power, p nÂ
to provide the estimates of α. Computations of 2 F 0 (.,.;;.) are available in Matlab, Mathematica, Maple and other mathematical computer tools [18] . Certainly, in some situations, the noise power can be known a priori from the properties of the radar receiver and does not need to be estimated from the measured data. In this case, we substitute the expression of the scale parameter, that is, b =â − 1 ( )m 1 − p n in the moment expression of (11), the estimator of (15) is reduced to the following form
[zlog(z)] estimator
The [zlog(z)] estimator is constructed by the evaluation of log based means, that is, 〈log (z)〉 and 〈zlog (z)〉 for Pareto clutter plus noise. Using (1), 〈log (z)〉 is determined by the following double integrals (see (17)) Using [20 as eq. 2.6.23.4], (17) becomes (see (18)) Fig. 4 Comparison of MSE estimates of shape parameter versus α of a Pareto clutter plus noise distribution for the HOME, the proposed NIOME (r = 0.1) and [zlog(z)] estimation methods for CNR = 10 dB, M = 10,000, N = 1 and n = 100 a Unknown noise power, p n b Known noise power, p n where c (.) is the digamma function. If we set, u = 1/y, (18) will be (see (19) )
The three integrals in (19) (20) at the bottom of this page)
Now, we substitute (20) into (19) and we finally obtain the asymptotic expression of 〈log (z)〉 as (see (21) at the bottom of this page)
Similarly, we derive the asymptotic expression of 〈zlog (z)〉 using (1) . Hence (see (22)) Using [20 as eq. 2.6.23.4] and u = 1/y, (22) becomes (see equation (23) at the bottom of this page)
After some mathematical manipulations, we obtain (see Appendix from (36)) the [zlog(z)] based estimator given by (see equation (24) at the bottom of the next page)
The derived estimator of (24) needs to be optimised in 1D to find the estimates of the shape parameter, α. Hence, the substitution of (12) into (24) yields the [zlog(z)] estimator given by (see equation (25) at the bottom of the next page)
In the case of a known noise power, the [zlog(z)] estimator of (25) is reduced tô
For noiseless situation ( p n = 0), the estimator of (25) is reduced to the well-known [zlog(z)] estimator given in [13 as eq. (16)]. In the next section, we will compare through (15) , (16), (25) and (26) the performances of the proposed NIOME and [zlog(z)] estimators to the estimators of (6) and (7).
Estimation results
In this Section, we assess the performance of the proposed procedures given in Section 3 for estimating the shape parameter of the Pareto clutter plus noise distribution. For convenience, the power of the received clutter plus noise is normalised to unity so that the first-order moment, p n + b/(α − 1) = 1. The Pareto clutter plus noise samples are generated using Matlab routines, that is
where n is the number of trials and M is the number of samples. As the shape parameter of the Pareto plus noise distribution is the leading characteristic of sea clutter conditions and radar parameters, we present numerical examples in terms of the shape parameter α, the CNR, the number of samples M and the number of integrated pulses N. Our attention is focused on values of α in the range 2 < α ≤ 7, three values of the CNR, (CNR = 0 dB, 5 dB and 10 dB), four values of M (M = 1000, 5000, 10,000 and 60,000) and two values of N (N = 1; single pulse case and N = 10; multiple pulses case). To assess the estimation accuracy of α, we compare the MSEs curves obtained by the proposed NIOME and [zlog(z)] estimates and the standard HOME estimates. The sample MSE of the shape parameter estimates were averaged over n = 100 independent trials.
Estimation analysis using synthetic data
Through several Monte-Carlo simulations, we first examine the accuracy of the derived asymptotic moment's expression of (11) and the [zlog(z)] based expression of (24). For this, Figs. 1a and b show both the curves obtained by the right-and the left-hand sides of expressions (11) and (24) for N = 1 and M = 10,000. By investigating the data corresponding to the two figures, the two curves are very close for most values of the non-integer order, r and all values of α. On the other hand, we observe that irrespective of the values of α and CNR, (11) and (24) are well verified and are indeed useful to obtain accurate shape parameter estimates using the NIOME and the [zlog(z)] estimators. In the forthcoming results, the non-integer order, r was selected to be equal to 0.1 since the estimation accuracy is good. Due to the mathematical complexity of the derived expressions, the bias of the proposed estimators can not be computed analytically. Therefore, we assessed them by simulations as shown in Table 1 .
To assess the quality of the estimation (unbiasedness), Table 1 shows the mean and the standard deviation of the Pareto plus noise distributed parameters for N = 10, CNR = 0 dB and n = 200. We note that as the number of samples increases, the estimated value of each parameter approaches to the real value. Furthermore, in all cases, the NIOME gives the best estimation with respect to the HOME and the [zlog(z)].
For unknown noise power, p n and for multiple non-coherent integrated pulses, that is, N = 10, the shape parameter estimates are computed using the HOME, the NIOME and the [zlog(z)] estimators given by (6) , (15) and (25) respectively. Fig. 2a depicts the true values of α and their corresponding estimates specified by Fig. 5 Comparison of MSE estimates of shape parameter versus α of a Pareto clutter plus noise distribution for the HOME, the proposed NIOME (r = 0.1) and [zlog(z)] estimation methods; CNR = 5 dB (unknown p n ), M = 10,000, N = 1 and n = 100
the MSE for M = 10,000 and CNR = 0 dB. Then, for the same values of M and CNR as above, we carry out the estimation performance as shown in Fig. 2b of each estimator for known p n . These respective curves reveal that the proposed estimators have lower MSE compared with the MSE values obtained by the HOME. Furthermore, we observe that the efficiency of the NIOME estimator becomes better as the shape parameter values decreases towards 2 (very spiky clutter case). For the same conditions as before, but for CNR = 10 dB, we present now numerous curves of the MSE against the shape parameter. For both cases of unknown and known p n , a close look at Figs. 3a and b shows that the best estimates of α can be achieved using the NIOME method. Compared with the obtained results as depicted in Figs. 2a and b , an increase of CNR levels affects the estimation performances of the shape parameter. For a single pulse case N = 1, CNR = 10 dB and M = 10,000, we examine here the efficiency of the proposed estimators against the HOME method. For unknown p n , as depicted in Fig. 4a , we clearly observe that the small values of the MSE are achieved using the NIOME method. On the other hand, Fig. 6 Fitted PDFs and fitted CDFs of a Pareto clutter plus noise distribution using the HOME, the NIOME and [zlog(z)] estimation methods for resolution of 3 m, 1st range cell, M = 60000 and N = 1.
a PDFs comparisons for HH polarisation b CDFs comparisons for HH polarisation Table 2 Parameter estimates of the Pareto clutter plus noise PDF for HH and VV polarizations using HOME, NIOME (r = 0. from the estimation results as illustrated in Fig. 4b , the MSE values for known p n given by the NIOME method are slightly higher when the shape parameter is greater than 3. Moreover, it is interesting to note that the MSE curves are close if the shape parameter increases (i.e. the clutter tends to follow a Gaussian model). For unknown p n and CNR = 5 dB, we illustrate the MSE results as shown in Fig. 5 . Here again, the NIOME method provides the best estimation of the shape parameter.
Estimation analysis using IPIX real data
The above estimators are applied now to a real lake-clutter data. The lake-clutter data we processed were collected at Grimsby, Ontario, with the McMaster University IPIX radar. IPIX is an experimental X-band search radar, capable of dual polarised and frequency agile operation [11] . The characteristic features of the IPIX radar are summarised in [11, 23] . The radar site was located at east of the 'Place Polonaise' at Grimsby, Ontario (Latitude 43:2114 ± N, Longitude 79:5985 ± W), looking at lake Ontario from a height of 20 m. The nearest shore on the far side of the lake is more than 20 Km away. The data of the Grimsby database are stored in 222 files, as 10 bits integers. There are like polarisations, HH and VV (Lpol), and cross-polarisations, HV and VH (Xpol), coherent reception, leading to a quadruplet of I and Q values for Lpol and Xpol. In this section, we show the results of our estimation analysis on two files recorded for HH and VV antenna polarisations. During the recordings, the radar was transmitting with a pulse-repetition frequency of 1000 Hz and a pulse length of 0.06 μs leading to a range resolution of 3 m. To investigate the statistical properties of the data, we compare the empirical PDF, CDF and CCDF of the data with their theoretical models. The parameters of the Pareto clutter plus noise distribution have been Fig. 7 Fitted PDFs and fitted CCDFs of a Pareto clutter plus noise distribution using the HOME, the NIOME and [zlog(z)] estimation methods for resolution of 3 m, 3rd range cell, M = 60000 and N = 1.
a PDFs comparisons for VV polarisation b CCDFs comparisons for VV polarisation estimated as shown in Table 2 for a resolution of 3 m for M = 60,000 and N = 1. Substituting the estimated parameters into the theoretical distributions, the fitted PDFs are depicted in Fig. 6a for the HH polarisation and a resolution cell 1. Here, the estimated Pareto plus noise PDFs using the NIOME and the [zlog(z)] methods show a better fit with respect to the estimated PDF obtained by the HOME method. On the other hand, using the same parameters estimates determined by the proposed methods, the fitting to the real CDF is clearly shown in Fig. 6b . For VV polarisation and cell resolution 3, we conduct another fitting test to real data where he estimated parameters are presented in Table 2 . We observe that the estimated values of the CNR are equal to 0 dB and the same tail fitting of the resulting PDF curves (Fig. 7a) are achieved with the proposed estimation methods. Furthermore, the proposed estimators perform very well in favour of the tail fitting of the resulting CCDFs (Fig. 7b) . For the computational complexity, since numerical methods are often used to find the root of non-linear of (15), (16), (25) and (26), the HOME method takes less time than the NIOME and the [zlog(z)] estimators.
Conclusions
Two estimation procedures based on non-integer moments and [zlog (z)] for the evaluation of the Pareto clutter-plus-noise parameters have been proposed in this paper. An asymptotic expression of the moments with non-integer orders has been derived in terms of the Pareto clutter plus noise parameters, the gamma and the generalised hypergeometric functions. For multiple integrated pulses and after some mathematical manipulations, the method of non-integer order moment estimator and the [zlog(z)] based estimator are given in terms of the generalised hypergeometric function where non-linear computations are required to obtain the shape parameter. The estimation performance of the shape parameter obtained by the proposed NIOME and the [zlog(z)] methods has been considerably improved compared with the HOME method at the expense of a higher computation time. The results showed also that the performances of the proposed estimators are affected by low values of the clutter to-noise ratio, the number of samples and the number of integrated pulses. 
